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Abstract. In this paper the Hamiltonian for the system of semi-relativistic particles inter- 
acting with a scalar bose field is investigated. A scaled total Hamiltonian of the system is 
defined and its scaling limit is considered. Then the semi-relativistic Schrodinger operator 
with an effective potential is derived. 
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1 Introduction 

In this paper we consider the Hamiltonian of the system of N particles linearly coupled to a scalar bose 
field. We assume that particles obey the semi-relativistic Schrodinger operator 



where M > is a rest mass. There has been many results on the spectral properties of Hp. Refer to e.g. 
lIllllllHllllllIIl, and see also lUl. The free Hamiltonian Hb of the scalar bose field is defined by the 
second quantization of the multiplication operator CO, which is formally expressed by 



The state space of the interacting system is defined by IK = L^(Rf) %{L^{Ri)) where 3"b(Z.^(Rk)) 
is the boson Fock space on L^(R^). The total Hamiltonian is given by 





H = Hp(g)I + I(g)Hb + kHi 



(1) 



Here the interaction Hi is denoted by formally 




where /x is an multiplication operator on L^(R^). 
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We consider the scaled Hamiltonian 



H{A) = Hp(^I + A2/«)//b+ kAHi, A>0. (2) 

We investigate the asymptotic behavior of H{A) as A — )• oo. The unitary evolution generated by 

H (A) is given by 



Here A^f denotes the scaled time, A^^p the scaled momentum for p = —/V, Ar^M the scaled mass, 
and A^ ^ K the scaled coupling constant. As far as we know scaling limits of the Hamiltonians of the form 
^ is initiated by E. B. Davies 111, where //(A) with semi-relativistic Schrodinger operator replaced by 
a standard Schrodinger operator is considered and a Schodinger operator with an effective potential is 
derived as A — )^ oo. This model is called the Nelson model, and our result can be regarded as a semi- 
relativistic version of IH. In HI, a general theory of scaling limits is established and it is applied to 
scaling limits of a spin-boson model and non-relativistic QED models. In iflOl . by removing ultraviolet 
cutoffs and taking a scaling limit of the Nelson model simultaneously, a Schrodinger operator with the 
Yukawa potential or the Coulomb potential is derived. Refer to see also ll8l [T7l[T8l[T6ll20l . 

In the main theorem, it is shown that for z G C\R, 

5-|im (//(A)-z)-' = ( ^^/-A,-+M2 + \/ff(xi,---,xw) - z] Pa„ (3) 




where 



Veff(xi,-- - ,X;v) = --tL / . 

4 jjJ'R'' 



/x,(k)/x,(k)+/x,(k)/x,(k)^^^ 



(0{k) 

and Pa^, is the projection onto the closed subspace spanned by the Fock vacuum of the bose field. 



For the strategy of the proof of the main theorem, we use a unitary transformation, called the dressing 
transformation. Then we apply the general theory investigated in ||T1 to the unitary transformed Hamil- 
tonian U {A)^^H{A)U (A), and the consider the asymptotic behavior of U {A)^^H{A)U (A) as A — > oo. 



This paper is organized as follows. In Section 2, the theory of boson Fock space is described. Then the 
total state space and the total Hamiltonian is defined, and the main results are stated. In Section 3, the 
proof of the main theorem is given. 
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2 Main Results 



2.1 Boson Fock Spaces 

In this subsection we give the mathematically rigorous definition of the bose field. The state space of the 
bose field is given by the boson Fock space 3'b{L^{W')) = ©~^o(®^L2(R^')), where (^'^L^{R'') denotes 
the «-fold symmetric tenser product of L^(R'^) with (g)^L^(R'^) := C. The Fock vacuum is defined by 
ilb = {1,0,0, •••} G 3"b(^^(R"'))- The finite particle subspace 3'^'^{D) on the subspace D C L^{R'^) is 
defined by the set of ^ = {*I''"^}~=o satisfying that G n>0, and = for all n' > N 

with some N >0. Let a{^), t, G L^(R^), and a*{r\), r\ G L^(R''), be the annihilation operator and the 
creation operator on 3"b(L^(R'')), respectively. Then they satisfy the canonical commutation relations on 
3^"(L^(R'^)) ■ 

[a(^), a*m = (^,T7), a(T7)] = [a*(^), a*(T])] = 0. 

Let 5 be a self-adjoint operator on L^iRf^). The second quantization of S is defined by 

For rj G D(5'^^/^), it is seen that a{r\) and a*(T]) are relatively bounded with respect to <ir(5')'/^ with 
the bound 

\\a{^)'\^\\<\\S-^l^^\\\\dT{Sfl^^>\\, ^> eV{dY{Syl^), (4) 

||a*(T])»F|| < ||5-i/2^||||jr(5)i/2»P|| + ||T]||||»F||, ^> eD{dT{sYI^). (5) 

The field operator and its conjugate operator are defined by 

m = -^(a(^) U{^) = l=(^-a{^) + a*{^) 

2.2 Main Theorem 

In this subsection we define the total Hamiltonian and state the main results. The state space of the 
system for the A'^-particles coupled to bose field is defined by 

The free Hamiltonian of particles and the bose field are defined by 

N 



where M > is a rest mass and ft) denotes the multiplication operator by the function ftj(k), which 
describes the energy of the boson with momentum k. We assume the following condition : 

(A.l) a is non-negative. 
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The interaction Hi is defined by 

wliere /x is tlie multiplication operator satisfying tlie following condition : 
(A.2) 

sup / |/x(k)|2t/k < oo, and sup / ^^^^^Jk < oo. 

The total Hamiltonian of this system is given by 

H = Ho + kHi, 

where Hq = H^®! + I C!S>H\,. By and the assumption (A.2), it is seen that the Hi is relatively 

1/2 

bounded with respect to I^H^^' . Hence Hi is relatively bounded with respect to Hq with infinitely 
small bound. Then the Kato-Rellich theorem shows that H is self-adjoint and essentially self-adjoint any 
core of Hq. Then in particular, H is essentially self-adjoint on Vq = Cj?^(R^^)(g)3^"(D(co)), where (§> 
denotes the algebraic tensor product. 

Let us introduce the scaled total Hamiltonian 

H{A) = Ho{A) + kAHi, 
where Hq{A) = H^^I + A^I H\,. We introduce an additional assumption on the interaction. 

(A.3) sup Jj^d ^-^^dk < oo, and sup /r,, ^{^<ik < oo. 
xeR'' ^ ' xeRd 

(A.4) sup f^,\.^J^dk < oo, sup /R.^g^^k < oo and (^,i)GR, x,yGR''. 

Under the condition ^) e R in (A.4), it follows that [n{^),n{^)] = 0, x,y G R''. 

Remark 2.1 Let us define that /x(k) = -^^IJM g-^x ^^y/j (oik) = (oi-k). Here Xr denotes the 

characteristic fiinction on [0, R). Then the conditions (A.1)-(A.4) are satisfied, and the interaction H[ is 
formally expressed by 

Hi = i f ^ ^^^(a{k)e^^-^ + a*{k)e-<^-Adk. 



The main theorem in this paper is as follows 
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Theorem 2.1 Assume (A.1)-(A.4). Then for z G C\R it follows that 

s-lim{H{A)-zr^ = {Hp + %(xi,---,x„) - z) ® Pa^ 



and Pjii '-^ projection onto the closed subspace spanned by the Fock vacuum D.t,. 

Remark 2.2 When /x(k) = ^^1^ e^''^ '' w/f/j ft)(k) = ft)(— k), effective potential is given by 

By using the norm convergence theorem considered in (" lITSl ; Lemma 2.7), the the next corollary follows. 



Corollary 2.2 Assume (A.1)-(A.4). Then it follows that 

s- \ime-''"^^^{I(^Pn„) =e-"("" + ^C"''-*)) ^P^^. 

3 Proof of Main Theorem 

The outline of the proof of Theorem 2.1 is as follows. A unitary transformation U (A), called the dressing 
transformation, is defined and we consider the unitarily transformed Hamiltonian U{A)^^H{A)U{A). 
Then we apply the general theory on scaling limits in H] to ?7 {A)^^H{A)U (A). 

Under the condition (A.3), the following unitary operator can be defined : 

'(f)En(^) 

U{A) = e 

It is seen that on the finite particle subspace 

[n(^),//b] = -/0(co^), (6) 

[m),m] = Y ((^,r]) + (T7,^)), ^,r7GL2(R3). (7) 
By Q and (O, we have 

U{A)-'H{A)U{A) = Ho{A) +K{A) (8) 

where 

^(A) = U{A)-^ {Hp(S)l)U{A) - Hp(S)I + Veff(xi, • • • ,x/v). (9) 



Now we apply the general theory on scaling limits investigated in HI. Let us set the total Hilbert space by 
2, = Xcgj^. Let A and B be non-negative self-adjoint operators on X and y, respectively. Here we assume 
that ker B ^ {0}. We consider a family of symmetric operators {C(A)}a>() satisfying the conditions : 
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(S.l) For all £ > there exists a constant A(e) > such that for all A > A(£), 
D(A 07) n C a:)(C(A)), and there exists b{e) > such that 

||C(A)<I>|| < e\\{A®I + AI(^B)^\\ +b{e)\\^\\. 
(S.l) There exists a symmetric operator C on Z such that D ^ker B C 1){C) and for all 

z e C\R), 

s- lim C(A)(A®/ + A/®S-z) = C(A-z)-i®Pb, 
where Pb is the orthogonal projection from y onto ker B. 

Proposition A ([1] ; Theorem 2.1) Assume (S.l) and (S.2). Then (i)-(iii) follows. 

(i) There exists Aq > such that for all A > Aq, 

X{A) =A®/ + A/®B + C(A) 

is self-adjoint on D(A (g)/) n D(/(X>B) and uniformly bounded from below for A, furthermore X(A) is 
essentially self-adjoint on any core of AiS> I + 1 B. 

(ii) Let X = A (g) /+(/ (g) Pb)C(/ (g) Pfi) . Then X is self-adjoint on D (A (g /) and bounded from below, and 
essentially self-adjoint on any core of A (g) /. 

(iii) Let z G nA>Ao P (^(^)) 1^ P (^)» where p (0) denotes the resolvent set of an operator 0. Then 

s- lim (X(A)-z)-' = (X-z)-i(/®Pe). 

A— )■<» 



Now we consider H{A) again. What we have to prove is that H{A) satisfies the condition (S.l) and (S.2) 
by applying //q ( A) to A (g> / + A / ig) B and ( A) to C ( A) . First let us consider the term ?7 ( A) " ' (//p (g /) ?7 ( A) 
in do]). Let us set p = {p^ ,p'^) = (~'g~r) " " " , ~' g^)- Then by the spectral decomposition theorem, 

U{A)-' (//p®/) U{A) = £ y([/(A)-i(P7®/)t/(A))' + M2, (10) 



follows. We see that 

[n(/,),^^] = /n(5,v/,). (11) 

Then by (A.4), it follows that for »F G Vq, 
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where Y denotes the closure of the operator Y. Here we abbreviate as 

n(^)-(p^/) = ini^^){p^^i), 

v=l 

n(^).n(^)= £n(^)0(^). 

(0 (0 ~[ ft) (0 

Then we see that 

N f- ^ xl/2 

[/(A)-i {Hp(g)l)UiA) = £ ( - A,-®/ + e/A) +M2 , (13) 

j=l \ ^ ' f^o/ 

where 

e,(A) = (^\ ( 2n(^) . (p>;) - ,Ti{M,) + (5)^ n(^) ■ n('^'' > 



^A/ y ftj CO J VA/ ftj ftj 

Proposition 3.1 A^^wme fA.i)-(A.4). Then for e > 0, f/iere ra^f^ A(e) > such that for all A > A(£), 

\\U{A)-\Hp®I)U{Ari>-{Hp®m\ < e\\Ho{A)n+bmn (14) 
where b{£) is a constant independent o/A > A(£). 

Before proving Proposition 13. 1[ we show the following lemma. 

Lemma 3.2 For A > and 8 € (0, there exists Mv{8), V = 1, • • • 5mc/i that 



\P^^-l^+M^ + X)-\^/-A+M^+\)-'l^\\< -I—Myi5). 



(15) 



(Proof) For p = (p^, - • • ,p'') G R'', v = 1, • • • , J, we see that 



p^(p2+M2 + A)-'(Vp2 + M2 + l)-i/2 I = _1_ |A3+Vl (p2 + A)-i( Vp2 +M2 + l)-i/2. 



We shall show that 



sup |A5+Vl (pHM2 + A)-i(7p2+M2 + l)-i/2 < oo, (16) 
A>0,peR'' 

and hence ([T5] ) follows from the spectral decomposition theorem. The Young's inequality shows that for 
q > I and ^ > 1 satisfying | + | = 1, 

follows. Let us take q = {^ + 5)^^ for 5 G (0, and hence q = {j — 5)^'. Then we have 

^^^'yi < {\ + S)X + {^--5)y\^^-'y\ (18) 
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Note that 

sup X {p^ + M^ + X)-\y^p^+M^ + l)-^/^ < oo. (19) 

A>0,pgR'' 

Since < 5 < ^, we see that — < |, and hence 

sup |pV|(i-5)-'(p2^^2^-l^^p2^^2+l)-l/2<^_ (20) 
p>R'' 

Then we have 

sup |;,^|(l-5r'(p2+M2 + A)-'(V^2^M2 + l)-l/2 
A>0,peR'' 

< sup (p2 +m2)-1( +M2 + l)-l/2 < (21) 

peR'' 

By (EH), Gil and (EB, we obtain U 
(Proof of Proposition I3.1D 

It follows that for a nonnegative self-adjoint operator S, 



Let 



-"J ~ 

Then we have for *F G Do, 



1 f°° 1 
71 Jq V a 

Aj{A) = (-A,-®/+Q,-(A)+M2)^^^, 
Bj = -A/® / + M^. 



(22) 



/ \ ^ 1 Z"" 1 

([/(A)-'(//p®/)[/(A)-//p®/)»F=X:-y^ —{(AjiA)+Xy'Aj{A) - iBj + X)-'Bj}^'dX 

N 1 „oo 
N 1 „oo 

= £-/ VX{AjiA)+X)-' Qj{A){Bj + X)-'^dX. (23) 
By (fT3] ) and the spectral decomposition theorem, || (Ay(A) + A)^^ || < j-^, A > follows, and then we 

UiA)-' {H^®l)UiA)-Hp<S>l)n ^L-l XTm2 "'^X^) (Sy + A)-'»F||^/A. (24) 



have 



We see that 



\\Qj{A) [Bj + X)-'n<{£j(^\\n{^)-{pj(^I){Bj + X)-'n + \m^){Bj + X)-'^^^^ 

+ Q'\\n{^)-n{^){Bj+X)-'n- (25) 
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Note that 

\\n{^)-{pj^i){Bj+xr'n 

<^iin(-^)(/®//b+ir'/'ii ii(py®/)(s,-+A)-'(//p®/+i)-^/2|| ^7+ 1)1/2(7^^^+ i)i/2»i/|| 

(26) 

Here we used the boundness (01) and dS]). Applying the Lemma [121 to ||(py^ (g)/)(By + A)^^(//p (g)/ + 
in (|26ll, it is seen that for 5 G (0, there exist aj{5) > such that 

and hence we have 

iin(^) • iPj®i){Bj+x)-'n < ( ii^p^i'ii + \\H,n + \\n) ■ (27) 

Since (||//p®/»F|| + \\l0Hb^\\)^ < 2||//o(A)f , we have 
ri7l^ll"(^HPyC./)(«,+A)-^||.A<a,<5)(f ^^^^ 

(28) 

By ||n(^)(/^//b + l)"^/^|| <- and + <^,wehave 

\\ni^){Bj+X)-'n < l|n(^)(/C3//b + l)"'/'|| + ||(/®//b + l)'/'^|| 



Then by ||(/«)//b+ l)^/^*!*!! < ||//o(A)*I'|| + ll*!'!!, we have 

r°° a f 



< ||n(^)(/»ft + ^"_^«J ( ||fl„(A)T|| + 

(30) 

In addition we also see that 

||n(-^)-n(-^)(s,-+A)-'»F|| < ||n(-^)-n(-^)(/®//b + i)"1 \\iBj+X)-'\\ ||(/^//b + i)*P|| 

CO CO CO CO / II ii\ J 



A+M^ CO CO 



(31) 
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Since ||n(,§)n(T])(//b + 1)^1 <oofor (§,T] G D(w), we obtain 



\fl V f V f 

, -Jiii-||n(-i^^)-n(-i^^)(B,- + A)-'»p||jA 

Vf Vf 

<l|n(-i^i).n(-i^)(//b + i)-i||| 

" ' CO O) 



VI 



(A+M2)2- 

Then from (EH),!®, and (|25]), the proposition follows. ■ 
Proposition 3.3 Assume (A.l) - (A.4). 

(1) For e > 0, there exists A(e) > such that for all A > A(£), 

\\K{A)n < e\\Ho{A)n + vmn, 

holds, where v(e) is a constant independent of A > A{e). 

(2) Then for all z € C\R, it follows that 



dX \\Ho{A)^>\\ + \\^>\ 



(32) 



s- lim K{A){Ho{A)-z) 



(33) 



(34) 



(Proof) 

(1) By the condition (A.4), Vgff is bounded. Then (1) follows from Proposition 13. II 

(2) It is seen that 

K{A)(HoiA)- z) ' =KiA)(Hp-z) ' <E)Pa,+K{A) (HoiA) - z) ' (1 -P^J ) • 
By Proposition 13. 11 we have 



-1 



s-limK{A)[ (Hp-z) ®Pa,]^ =V,fi{ (Hp- z) ®P^,]^ 



-1 



(35) 



By (|33] ). we see that for £ > there exists A(£) > such that for all A > A(£) 
||^:(A) (//o(A)- z)"'<I>|| < £11011 + (£|z| + v(£))||(//o(A)- 



Note that limA- 



(//o(A)-z) (/^(1-PaJ)*!' 



Um 



KiA){Ho{A)-z 



-1 



0, and hence we obtain 



(36) 



By (1351) and QB, we obtain Q4\ 



(Proof of Theorem IIH) 

By Proposition 13.31 it is shown that H{A) satisfies the condition (S.l) and (S.2) by applying Ho{A) to 
A(g)/ + A/(8)S and K{A) to C(A). Hence by the Proposition A, we have for z G C\R, 



s- lim (h{A)-z 
Thus the proof is completed 



lim U{A) (Hq{A) 



[/(A)- 



H„ + V^fi-z 
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